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RELATIONSHIP BETWEEN DYNAMICAL . . .

dows are also interspersed with periodic ones, and the
stretched exponential behavior of the trap-time distribution,
with $ 0 greater than or about 1/3, is recovered only for some
values of r. This interesting behavior suggests that SER is
uncovering an additional aspect of the dynamics of coupled
map lattices. A full analysis of this behavior lies outside the
framework of this paper, but we plan to return to studying it
elsewhere.
In other models and experiments, the time scale % grows
monotonically with decreasing temperature. It is not the case
here, although the values of % 0 are greatest at the low-r !and
low-$ 0 ) end, following the general trend observed elsewhere.
B. Renewal processes in coupled maps

FIG. 1. $ 0 !a" and % 0 !b" as functions of the logistic map parameter r. Dots correspond to the least-squares-fit values and the
thin solid line is drawn as a guide to the eye. The vertical dashed
lines demarcate the discontinuities in $ 0 (r) and % 0 (r). They correspond very well to the positions of the periodic cascades in the
bifurcation diagram of the uncoupled logistic map shown in !c". !d"
shows the bifurcation diagram for a site in the coupled map lattice.
Inset in !b" magnifies the right hand side of the main plot where the
variation of % 0 with r is not distinguishable. The accuracy of $ 0 and
% 0 obtained by a least-squares fit to the long-time part of the traptime distribution is within 15%.

Although the bifurcation diagram for a site in the coupled
map lattice Fig. 1!d" appears to be uniform with respect to r
down to r#3.8275, the nonmonotonicity of $ 0 (r) and % 0 (r)
most probably arises from the fact that for the isolated logistic map and the values of r!4 chaotic orbits are interspersed
with period cascades as seen in Fig. 1!c", i.e., the approach to
full chaos as r goes to 4 is not uniform. !For an explanation
of the concept of bifurcation diagrams, see, e.g., Ref. &32'."
Interestingly, the lowest value of $ 0 is attained within the
widest window of the period-3 cascade in the bifurcation
diagram of the uncoupled logistic map. About and below r
"3.82, in the coupled map chain, very narrow chaotic win-

The stochastic process ( n (t) is a renewal process &23'
provided that the time intervals !renewal times" between two
subsequent zero crossings are statistically independent random variables. We tested the independence of these time
intervals for the present model, Eq. !2", by calculating the
distributions of the time intervals following time intervals of
a specified length. The distributions were identical regardless
of the length of the preceding time intervals.
In general, a renewal process is defined so that ( (t)"
#1 for t 0 !t)t 1 , ( (t)"$1 for t 1 !t)t 2 , ( (t)"#1 for
t 2 !t)t 3 , and so on. The renewal processes are the simplest
possible stochastic processes readily susceptible of probability theoretical analysis &33'. The dynamics represented by
such processes can be understood in terms of transition probabilities between the two possible states ( "%1 &34'.
In I, it is shown that the existence of very long renewal
time intervals t n#1 $t n associated with the stretched exponential distribution can be attributed to the presence of timelimited ordered domains !or traps" with a dominant spatial
period of four sites. Figure 2!a" shows a typical distribution
of the renewal time intervals !or trap times" for this model.
These results suggest that the dynamical heterogeneity
manifested by the presence of time-limited ordered domains
could be at the origin of the stretched exponential relaxation
in supercooled liquids and glasses, and the renewal processes
could provide a simple picture for describing heterogeneous
dynamics in these condensed phases. In order to support
these two affirmations, we first need to show that !1" there is
a one-to-one correspondence between renewal processes and
their time autocorrelation functions, because experimentally
measurable relaxation responses are mathematically described by autocorrelation functions of certain dynamical
variables and not directly by nonobservable renewal processes, and !2" the renewal processes are present in supercooled liquids and glasses and can be calculated effectively,
exhibiting unambiguous stretched exponential distributions
of renewal time intervals.
The relation between the autocorrelation function
C ! t " * + ( ! t ! " ( ! t ! #t " , t !

!3"

of a renewal process ( (t) and the distribution - (t) of time
intervals t n#1 $t n between the zero crossings !or, in other
words, renewals" of this process was recently studied for a
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